This is a survey of several notions of entropy related to a compact manifold of negative curvature and of some relations between them. Namely, let pM, gq be a C 8 compact boundaryless Riemannian connected manifold with negative curvature. After recalling the basic definitions, we will define and state the first properties of (1) the volume entropy V , (2) the dynamical entropies of the geodesic flow, in particular the entropy H of the Liouville measure and the topological entropy (which coincides with V ), (3) the stochastic entropy h ρ of a family of (biased) diffusions related to the stable foliation of the geodesic flow, (4) the relative dynamical entropy of natural stochastic flows representing the (biased) diffusions.
direction of u. Given u, v P T x M , the curvature tensor R associates to a vector w P T x M the vector Rpu, vqw given by Rpu, vqw " ∇ u ∇ v w´∇ v ∇ u w´∇ ru,vs w.
The space pM, gq is called locally symmetric if ∇R " 0.
Consider the case pM, gq has negative sectional curvature, i.e., for all non colinear u, v P T x M, x P Ă M , the sectional curvature Kpu, vq :" ă Rpu, vqv, u ą |u^v| 2 is negative. Connected simply connected locally symmetric spaces of negative sectional curvature are non-compact. They have been classified and are one of the hyperbolic spaces H n R , H n C , H n H , H 2 O , respectively of dimension respectively n, 2n, 4n, 16. Hyperbolic spaces are obtained as quotients of semisimple Lie groups of real rank one (respectively SOpn, 1q, SU pn, 1q, Sppn, 1q, F 4p´20q ), endowed with the metrics coming from the Killing forms, by maximal compact subgroups. By general results of Borel ([Bor] ) and Selberg ([Se] ), these spaces admit compact boundaryless quotient manifolds and those locally symmetric pM, g 0 q are the basic examples of our objects of study. Clearly, C 2 small C 8 perturbations of g 0 on the same space M yield other examples of compact negatively curved manifolds. Different examples of non-locally symmetric, compact, negatively curved manifolds have been constructed (see [MS] , [D] , [GT] , [FJ] ). They are supposed to be abundant, even if constructing explicit ones is often delicate.
It is natural to ask if we can recognize locally symmetric spaces through global properties or quantities. One supportive example is the volume entropy. Let Ă M be the universal cover space of M such that M " Ă M {Γ, where Γ :" Π 1 pM q is the fundamental group of M , and endow Ă M with metric r g, which is the Γ-invariant extension of g. The volumes on pM, gq and p Ă M , r gq are denoted Vol g and Vol r g , respectively. (We will fix a connected fundamental domain M 0 for the action of Γ on Ă M . The restriction of Vol r g on M 0 is also denoted Vol g .) For x P Ă M , let B Ă M px, rq, r ą 0, denote the ball centered at x with radius r. The following limit exists (independent of x P Ă M ) and defines the volume entropy (Manning, [Man] ):
px, rq.
Since pM, gq is negatively curved, by Bishop comparison theorem, V pgq ą 0. The following rigidity result is shown by Besson-Courtois-Gallot ( [BCG] ):
Theorem 1.1 ( [BCG] ). Let pM, g 0 q be closed locally symmetric space of negative curvature, and consider another metric g on M with negative curvature and such that Vol g pM q " Vol g 0 pM q. Then, V pgq ě V pg 0 q.
If d " dimpM q ą 2, one has equality only if pM, gq is isometric to pM, g 0 q.
One natural dynamics related to geodesics is the geodesic flow. Let SM :" tv, v P T M : }v} " 1u be the unit tangent bundle. The geodesic flow ϕ t on SM is such that ϕ t pvq " 9 γ v ptq for t P R. Denote Xpvq P T v SM the vector field on SM generating the geodesic flow. The derivative D v ϕ t is described using Jacobi fields. Let s Þ Ñ vpsq be a curve in SM with vp0q " v, 9
vp0q " w P T v SM. Then, s Þ Ñ γ vpsq ptq is a curve with tangent vector Jptq at γ v ptq. Jptq satisfies the Jacobi equation:
(1.1) ∇ 9 γ ∇ 9 γ Jptq`RpJptq, 9 γptqq 9 γptq " 0.
Proof. By definition,
RpJptq, 9 γptqq 9 γptq " ∇ Jptq ∇ 9 γptq 9 γptq´∇ 9 γptq ∇ Jptq 9 γptq´∇ rJptq, 9 γptqs 9 γ.
We have ∇ 9 γptq 9 γptq " 0 by definition, rJptq, 9 γptqs " r B Bs ,
B
Bt s " 0 and so ∇ Jptq 9 γptq " ∇ 9 γptq Jptq (we use the fact that ∇ u v´∇ v u " ru, vs).
We will consider C 8 compact boundaryless connected Riemannian manifolds with negative sectional curvature. It follows from (1.1) that t Þ Ñ }Jptq} 2 is a strictly convex function (by a direct computation). In particular, exp x is a diffeomorphism from T x M to the universal cover Ă M . Two geodesic rays γ 1 , γ 2 in Ă M are said to be equivalent if sup tě0 dpγ 1 ptq, γ 2 ptqq ă 8. The space of equivalence classes B Ă M :" trγ v ptq, t ě 0s, v P T M u is the geometric boundary at infinity. For x P Ă M , π x : S x Ă M Ñ B Ă M , π x pvq " rγ v ptq, t ě 0s is one-to-one (π x is injective by convexity (of t Þ Ñ dpγ v ptq, γ w ptqq for w P S x Ă M with w " v) and for any geodesic γptq, any t ą 0, one can find v t P S x Ă M such that γptq P γ vt psq, s ě 0; any limit point v of v t , t Ñ`8, is such that γ v is equivalent to γ). Thus, the unit tangent bundle S Ă M is identified with Ă MˆB Ă M . For any two points ξ, η in B Ă M , there is a unique geodesic γ η,ξ (up to time translation) such that γ η,ξ p`8q :" lim tÑ`8 γ η,ξ ptq " ξ and γ η,ξ p´8q :" lim tÑ´8 γ η,ξ ptq " η. The topology on Ă MˆB Ă M is such that two pairs px, ξq and py, ηq are close if x and y are close and the distance from x to the geodesic γ η,ξ is large.
The group Γ acts discretely and cocompactly on Ă M . The action of Γ extends continuously to B Ă M and the diagonal action of Γ on Ă MˆB Ă M is again discrete and cocompact. The
We continue to use ϕ t to denote the geodesic flow on S Ă M . It has the Anosov property ( [Ano] ): each ϕ t , t " 0, has no fixed point and there is a continuous decomposition tT v S Ă M " E ss pvq ' Xpvq ' E su pvq, v P S Ă M u with Xpvq being the geodesic spray tangent to the flow direction and constants C, C ą 0, λ, λ P p0, 1q, such that, for t ą 0, 
The collection of tW ss pvq, v P SM u form a Hölder continuous lamination W ss of SM into C 8 manifolds of dimension d´1 which is called the strong stable foliation.
For v " px, ξq P S Ă M , define the Busemann function
The level set tpy, ξq : b x,ξ py, ξq " 0u coincides with Ă W ss px, ξq and the set of its foot points is the horosphere of px, ξq. Denote Div s , ∇ s the divergence and gradient along Ă W s (and
Geometrically, the Bpx, ξq is the mean curvature at x of the horosphere of px, ξq. The function B is a Γ-invariant function on S Ă M . We still denote B the function on the quotient SM . From the definition follows:
So, dynamically,´B tells the exponential growth rate of the volume on W ss under the geodesic flow ϕ t , t ą 0. It follows from (1.2) that the function B is Hölder continuous on SM . The main property of the function B is the following, whose proof combines the works of Benoist-Foulon-Labourie ( [BFL] ), Foulon-Labourie ([FL] ) and Besson-Courtois-Gallot ([BCG] ).
Theorem 1.3 ( [BFL, FL, BCG] ). The function B is constant if, and only if, the space pM, gq is locally symmetric.
Remark 1.4. There is a positive operator U on the orthogonal space to v in T x M satisfying the Riccati equation 9 U`U 2`R p¨, 9 γptqq 9 γptq " 0 and such that B " TrU. If d " 2, the equation reduces to 9 B`B 2`K " 0. Clearly, if B is constant, then the curvature K is the constant´B 2 . If d " 3, one can also conclude from the Riccati equation and some matrix calculations that B is constant if, and only if, the sectional curvature is constant (see Knieper [Kn] ).
Dynamical entropy and an application of thermodynamical formalism
More quantities related to V, B can be introduced through a dynamical point of view.
2.1. Dynamical entropy. Let T be a continuous transformation of a compact metric space X. For x P X, ε ą 0, n P N, define the Bowen ball Bpx, ε, nq Bpx, ε, nq :" ty P X : dpT j y, T j xq ă ε for 1 ď j ď nu and the entropy h m pT q of a T -invariant probability measure m h m pT q :" sup ε żˆl im sup n´1 n log mpBpx, ε, nqq˙dmpxq.
It is easy to see that for j P Z, h m pT j q " |j|h m pT q. A useful upper bound of h m pT q is given by Ruelle inequality ( [Ru] ) using the average maximal exponential growth rate of all the parallelograms under the iteration of the tangent map DT .
Theorem 2.1 (Ruelle, [Ru] ). Assume X is a compact manifold and T a C 1 mapping of X. Then, for any T -invariant probability measure m,
Corollary 2.2. If X " SM , where pM, gq is a compact, boundaryless, C 2 Riemannian manifold with negative sectional curvature and dimension d, m a geodesic flow invariant probability measure, and t P R,
Proof. This observation can also be used to give a direct proof of Corollary 2.2.
2.2. Thermodynamical formalism. For simplicity, we introduce the notion of pressure by the classical variational principle. Let pX, T q be a continuous mapping of a compact metric space. The pressure P pF q of a continuous function F : X Ñ R is defined by
where m runs over all T -invariant probability measures. Let X " SM be closed negatively curved and T " ϕ 1 . From Ruelle and Manning inequalities follow P p´Bq ď 0 and P p0q ď V.
We will construct later the Liouville measure m L with the property (Theorem 2.6)
This will show that P p´Bq " 0 and P p0q " V . Using these properties, we can prove:
Theorem 2.5. Let pSM, ϕ t q be the geodesic flow on a closed manifold of negative curvature. Let M be the set of ϕ t -invariant probability measures, H and V as defined above. Then,
with equality in one of the inequalities if, and only if, m L " m BM . Moreover, in that case, ş B dm " V for all m P M.
Proof. Since the function B is Hölder continuous on SM , for each s P R, there exists a unique invariant probability measure (equilibrium measure for sB) Ppsq :" P psBq " Assume m BM and m L coincide, then ( [PP, Proposition 4.9] ), there exists a continuous function F on SM , C 1 along the trajectories of the geodesic flow, such that
In particular, ş B dm " P p0q " V for all m P M.
1 Chapter 4 in [PP] is only concerned with subshifts of finite type. The extension of [PP] Propositions 4.8, 4.9, 4.10 to suspended flows is direct (see [PP] , Chapter 6) and the application to geodesic flows on compact negatively curved manifolds is standard (cf. [PP] , Appendix 3).
2.3. Liouville measure. For x P Ă M , let λ x denote the pull back measure on B Ă M of the Lebesgue probability measure on
It is clear from the definition that the measure r m L is Γ-invariant. There is a Dϕ t -invariant 2-form on
The p2d´1q-form^d´1W^dt is nondegenerate and invariant. For v P SM , take a positively oriented orthonormal basis te 0 ,¨¨¨, e n´1 u in T x M such that e 0 " v. By computing^d´1W^dt on the p2d´1q-vector`pe 1 , 0q, p0, e 1 q,¨¨¨, pe n´1 , 0q, p0, e n´1 q, X˘, one sees that the measure associated to this volume form is the one we defined. So the measure r m L is invariant under the geodesic flow. We do the same computation on a double
The measure m L on SM that extends to r m L is a ϕ t -invariant probability measure which is called the Liouville probability measure. It satisfies
Proof. (Sketch) It suffices to prove the theorem for t "´1. In the definition of entropy, we can use the flow Bowen balls Bpv, ε, rq, ε, r ą 0, Bpv, ε, rq :" tw : suṕ rďsď0 dpϕ s v, ϕ s wq ă εu.
By Remark 2.4,
Estimating the Liouville measure of Bpv, ε, 1q X ϕ r´1 Bpϕ´r`1v, ε, 1q reduces to estimating the d-dimensional measure of B s pv, εq X ϕ r´1 B s pϕ´r`1v, εq, where B s pv, aq is the ball of radius a and center v in W s pvq. It follows from (1.2) that this measure is, up to error terms that depend on ε small enough, but not on r, equal to
It follows that, if one takes ε small enough,
Observe that, since m L is a measure realizing the maximum in P p´Bq, it is ergodic.
Remark 2.7. Basic facts about ergodic theory and thermodynamic formalism are in Bowen ([Bow2] ); see also Parry-Pollicott ([PP] ). The definition of the entropy given here is due to Brin-Katok ([BK] ). The ergodicity of m L with respect to the geodesic flow is a landmark result of Anosov ([Ano] ).
Patterson-Sullivan, Bowen-Margulis, Burger-Roblin
In analogy to the construction of the measure m L , one can obtain the Bowen-Margulis measure m BM using a class of measures (Patterson-Sullivan measures) on the boundary at infinity.
Theorem 3.1. There exists a family of measures on
The family is unique if normalized by
Proof. We first show the existence of such a family. Fix x 0 P Ă M . It suffices to construct the family ν βx 0 , β P Γ, such that (3.2) for all β P Γ, ν βx 0 " β˚ν x 0 and
Indeed, assume such a family ν βx 0 , β P Γ, is constructed, we then set ν y :" e´V
for all y P Ă M . Using the cocycle property of the Busemann function:
one can easily check that the class of measures tν y u satisfies the requirement of (3.1).
Recall V " lim
M is compact and assume that ş Ă M e´s dpx 0 ,yq dVol r g pyq Ñ 8 as s OE V . Choose s n OE V such that ν sn x 0 weak* converge to ν x 0 . Then, ν x 0 is supported by B Ă M . Moreover, for any β P Γ, ν sn βx 0 weak* converge as well and call ν βx 0 :" lim snOEV ν sn βx 0 . The family ν βx 0 , β P Γ, satisfies (3.2). Indeed, ν βx 0 " β˚ν x 0 . Moreover, consider an open cone C based on x 0 . We have, for any β P Γ,
As s n OE V, most of the ν sn x 0 measure is supported by a neighbourhood of B Ă M and, for y close to ξ P B Ă M , dpβx 0 , yq´dpx 0 , yq is close to b x 0 ,ξ pβx 0 q. The density property follows. pyq :"
The function x Þ Ñ ν x pB Ă M q is Γ-invariant and continuous; in particular, it is bounded. This implies that the measure ν x 0 is continuous since otherwise, there is ξ P B Ă M with
We will see later (Remark 3.5) that such a family is unique, up to multiplication by a constant factor.
The family ν x , x P Ă M , is called the family of Patterson-Sullivan measures.
3.2. Bowen-Margulis. Define, for x P Ă M , ξ, η P B Ă M , the Gromov product
pdpx, yq`dpx, zq´dpy, zqq .
The Gromov product is a nonnegative number (by the triangle inequality) and because of pinched negative curvature, the Gromov product is finite; actually it is (exercise) uniformly bounded away from the distance from x to the geodesic γ η,ξ . Moreover, the Gromov product satisfies the cocycle relation does not depend on x. The measure νˆdt on Ă M p2qˆR is Γ-invariant and invariant by the geodesic flow.
Proof. The first affirmation follows directly from the cocycle relation (3.3). In particular, the measure ν is Γ-invariant on B Ă MˆB Ă M . The measure ν is supported by Ă M p2q because ν x is continuous. The actions of Γ and of ϕ s in Hopf coordinates are given by: βpξ, η, tq " pβξ, βη, t`b x 0 ,ξ pβ´1x 0 qq, for β P Γ, ϕ s pξ, η, tq " pξ, η, t`sq.
The invariance of νˆdt under the actions of Γ and of ϕ s follows.
We call Bowen-Margulis measure m BM the unique probability measure on SM such that its Γ-invariant extension is proportional to νˆdt. It satisfies
Proof. (Sketch) We follow the sketch of the proof of Theorem 2.6. We have to estimate m BM pBpv, ε, 1q X ϕ r´1 Bpϕ´r`1v, ε, 1qq . Choose ε small enough that this set lifts to S Ă M into a set of the same form. In Hopf coordinates, this is, up to some constant A, of the form:
where, for w P S Ă M and 0 ă δ ă π, Cpw, δq is the cone of geodesics starting from w with an angle smaller than δ. Our set Bpv, ε, 1q X ϕ r´1 Bpϕ´r`1v, ε, 1q is
The νˆdt measure of this set is within A˘2e p´r`3{2qV m BM pBpv, ε, 1qq.
Corollary 3.4. P p0q " V and m BM is the measure of maximal entropy for the geodesic flow ϕ t . In particular, m BM is ergodic.
Remark 3.5. It also follows from this construction that the Patterson-Sullivan family ν x is unique. Indeed, let ν 1 x be another Patterson-Sullivan family. One can construct as above a family ν 1 , dν 1 pξ, ηq :"
By the same reasoning, the mesure ν 1ˆd t is proportional to an invariant probability measure with entropy V . It follows that ν 1 is proportional to ν, i.e., ν 1
x is proportional to ν x for all x.
It follows from the definition that the measure r m BR is Γ-invariant. Call m BR the induced measure on SM ; by our normalization, we have m BR pSM q " 1. The measure m BR is called the Burger-Roblin measure. Many of its properties follow from Theorem 3.6. For any vector field Z on SM such that Zpvq is tangent to W s pvq for all v P SM , we have
Proof. Using a partition of unity, we may assume that Z has compact support inside a flow-box for the foliation. Choosing a reference point x 0 , we can write dm BR px, ξq " e´V 
Corollary 3.7.
Proof. Apply (3.5) to Z " X.
Corollary 3.8. The operator ∆ s`V X is symmetric for m BR : for F 1 , F 2 P C 8 pSM q, the set of smooth functions on SM , ż
Hence, m BR is also stationary for the operator ∆ s`V X, i.e., for all F P C 8 pSM q,
The Right Hand Side is invariant when switching F 1 and F 2 .
Corollary 3.9. The measure m BR is symmetric for the Laplacian ∆ ss along the strong stable foliation W ss : for
So, m BR is also stationary for the operator ∆ ss , i.e., for all F P C 8 pSM q,
Recall that in horospherical coordinates, ∆ s can be written as
Replacing in the formula above, we get that ż
The conclusion follows from Corollary 3.8.
Remark 3.10. We observe that m BR is ergodic. Indeed, strong stable manifolds have polynomial volume growth 2 , so a symmetric measure for the Laplacian ∆ ss along the strong stable foliation W ss is given locally by the product of the Lebesgue measure along the W ss leaves and some family of measures on the transversals (Kaimanovich, [Kai2] ). This family has to be invariant under the holonomy map of the W ss leaves. By BowenMarcus ( [BM] ), there exists only one holonomy-invariant family on the transversals to the W ss foliation, up to a multiplication by a constant factor.
Remark 3.11. The family of measures in this section has a long history. The invariant measures for the W ss foliation were first constructed by Margulis ([Mar] ) and used to construct the invariant measure m BM . Margulis' construction (in the strong unstable case) amounts to taking the limit of the normalized Lebesgue measure on ϕ T S x M (see also Knieper ([Kn] )). Margulis did not state that the measure m BM has maximal entropy, and the measure of maximal entropy was constructed by Bowen (cf. Bowen ([Bow2] ), BowenRuelle ([BR] )) as the limit as T Ñ`8 of equidistributed measures on closed geodesics of length smaller than T . Bowen also showed that the measure of maximal entropy is unique, so that the two constructions give the same measure m BM . Independently, Patterson ([P] ) constructed the measures ν x in the case of hyperbolic surfaces, not necessarily compact; Sullivan ([Su] ) extended the construction to a general hyperbolic space, observed that it is, up to normalization, the Hausdorff measure on the limit set of the discrete group in its Hausdorff dimension for the angle metric, that it is also the conformal measure for the action of the group on its limit set and moreover, the exit measure of the Brownian motion with suitable drift. He also made its connection with the measure of maximal entropy (in the constant curvature case). Hamenstädt ([H1] ) connected m BM with the PattersonSullivan construction and then many authors extended the Patterson-Sullivan construction to many circumstances (see Paulin-Pollicott-Schapira [PPS] for a detailed recent survey). Again in the hyperbolic geometrically finite case, Burger ([Bur] ) considered m BR as the measure invariant by the horocycle action; finally, Roblin ([Ro] ) considered the general case of a group acting discretely on a CAT p´1q space. What is remarkable is that in all these constructions, these measures were introduced as tools, and not, like here, as objects interesting in their own right. A posteriori, their interest comes from all these applications.
A family of stable diffusions; probabilistic rigidity
Recall (Corollary 3.8) that the Burger-Roblin measure m BR is a stationary measure for ∆ s`V X. In this section, we study the stationary measures for ∆ s`ρ X, ρ ă V, characterize them in analogy to m BR , and state a rigidity result concerning these measures.
Foliated diffusions.
A differential operator L on SM is called subordinated to the stable foliation W s if, for any F P C 8 pSM q, LF pvq depends only on the values of F along W s pvq. It is given by a Γ-equivariant family L ξ on Ă Mˆtξu. A probability measure m is called stationary for L if, for all F P C 8 pSM q, ż LF pvq dmpvq " 0.
Theorem 4.1 (Garnett, [Ga] ). Assume L is an operator which is subordinated to W s , has continuous coefficients, and is elliptic on W s leaves. Then, the set of L stationary probability measures is a non-empty convex compact set. Extremal points are called ergodic.
We will consider the operators L ρ :" ∆ s`ρ X for ρ P R. Clearly, each L ρ is subordinated to W s and for all F P C 8 pSM q,
For a fixed ξ, L ρ ξ is elliptic on Ă M and Markovian (L ρ ξ 1 " 0). Hence, by Theorem 4.1, there is always some L ρ stationary measure. Let m ρ be a L ρ stationary measure. Then, locally ( [Ga] ), on a local flow-box of the lamination the measure m ρ has conditional measures along the leaves that are absolutely continuous with respect to Lebesgue, and the density K ρ satisfies L ρ˚K ρ " 0, where L ρ˚i s the formal adjoint of L ρ with respect to Lebesgue measure on the leaf, i.e., (4.1)
Globally, there exists a Γ-equivariant family of measures ν ρ x such that the Γ-invariant extension r m ρ of m ρ is given by a formula analogous to (3.4):
Indeed, choose a transversal to the foliation W s , say the sphere S x 0 M and write SM as M 0ˆSx 0 M. A stationary measure m ρ is given by an integral for some measure dνpξq of measures of the form K ρ px, ξq dVol g pxq, where Vol g is the volume on M 0 . We can arrange that K ρ px 0 , ξq " 1, ν-a.e.. For a lift r x 0 ": x, set ν ρ x " pπ x q˚ν. The family ν ρ βx , β P Γ, is Γ-equivariant by construction. Starting from a different point y 0 P M 0 , the same construction gives a Γ-equivariant family ν ρ βy , β P Γ, for the lifts y of y 0 . By construction also, dν
The same proof as for the relation (3.5) yields, for any vector field Z on SM such that Zpvq is tangent to W s pvq for all v P SM ,
For each L ρ , there is a diffusion, i.e., a Γ-equivariant family of probability measures r P v defines a Markov process on SM such that for all t ě 0, ωptq P W s pωp0qq. For any L ρ stationary measure m ρ , the probability measure P ρ mρ :" ş P ρ v dm ρ pvq is invariant under the shift on CpR`, SM q (cf. [Ga, H3] ). If the measure m ρ is an extremal point of the set of stationary measures for L ρ , then the probability measure P ρ mρ is invariant ergodic under the shift on CpR`, SM q. 1 t b r ωp0q pr ωptqq "´ρ`ż B dm ρ ": ℓ ρ pm ρ q.
In particular, for ρ " V, m ρ " m BR , we have ℓ V pm BR q " V´ş B dm BR " 0.
By Remark 3.10, the measure m BR is ergodic.
Proof. Let σ t , t P R`, be the shift transformation on CpR`, S Ă M q. For any r ω P CpR`, S Ă M q, t, s P R`, b r ωp0q pr ωpt`sqq " b r ωp0q pr ωptqq`b σt r ωp0q pσ t r ωpsqq. By Γ-equivariance, b r ωp0q pr ωptqq takes the same value for all r ω with the same projection in CpR`, SM q and defines an additive functional on CpR`, SM q. Moreover, sup 0ďtď1 b r ωp0q pr ωptqq ď sup 0ďtď1 dpr ωp0q, r ωptqq, so that the convergence in (4.3) holds P 
Stable diffusions.
For a weakly coercive L ρ , we want to understand more about its diffusions. Hamenstädt developed in [H3] many tools for the study of the foliated diffusions subordinated to the stable foliation W s , using dynamics and thermodynamical formalism. We review in this subsection her results when applied for our L ρ .
For each L ρ , ρ P R, recall that p Anc] ). Assume that the operator ∆ s`ρ X is weakly coercive and recall that the sectional curvature of Ă M is between two constants´a 2 and´b 2 . There exists a constant C such that for any ξ P B Ă M , any three points x, y, z in that order on the same geodesic in Ă M and such that dpx, yq, dpy, zq ě 1, we have: Let L ρ˚b e the leafwise formal adjoint of L ρ (see (4.1)). Then, L ρ˚i s subordinated to W s and the corresponding Green function G ρξ px, yq is given by G ρξ px, yq " G ρ ξ py, xq. In particular, the Green function G ρξ px, yq satisfies (4.4) as well and we find, for ξ, η P B Ă M , x, y P Ă M , the Martin kernel K ρξ ,η px, yq given by: M , so that we also have:
We can use the function K ρ,ξ ,η px, yq to express the function K ρ in (4.2).
Proposition 4.5. Assume ℓ ρ pm ρ q ą 0 and m ρ is ergodic. Then, the corresponding K ρ in (4.2) is given by
Proof. Let ν ρ x be the family such that d r m ρ px, ξq " dVol r g pxqdν ρ x pξq. For F a bounded measurable function on SM , set r F for the Γ-periodic function on Ă MˆB Ă M extending F . Since m ρ is ergodic, we have, for m ρ -a.e. px, ξq, ż
The inner integral can be written ÿ
where Vol g is the restriction of Vol r g on the fundamental domain M 0 , so that we have ż
py, β´1xqF py, β´1ξq dVol g pyq.
By Harnack inequality, all ratios
for y, z P M 0 are of the same order as soon as dpβ´1x, M 0 q ě 1. Choose an open A Ă B Ă M disjoint from tξu. If, for β large enough, β´1ξ P A, then β´1x is close to A. Then, by (4.5) and Harnack inequality, given ε ą 0, for all x P M 0 , ξ P B Ă M , for all β P Γ so that β´1x is close enough to β´1ξ, y 1 close enough to y, z 1 close enough to z,
pz, yq,
where, for a, b P R, a " 1`ε b means p1`εq´1b ď a ď p1`εqb. Consider as functions F y , F z the indicator of U yˆA , U zˆA , where U y , U z are respectively small neighborhoods of y, z.
As λ Ñ 0`, the β's involved in the sums are such that the distance dpy, β´1xq, dpz, β´1xq is larger and larger. It follows that, for ν Corollary 4.6. Assume ℓ ρ pm ρ q ą 0 for some ergodic L ρ stationary measure m ρ . Then, m ρ is the only L ρ stationary probability measure.
Proof. By Proposition 4.5, any ergodic L ρ stationary measure is described by a Γ-equivariant family of measures at the boundary ν x that satisfies
Since the cocycle depends Hölder continuously on η, there is a unique equivariant family with that property (see, e.g., [L3, Théorème 1.d] , [PPS, Corollary 5 .12]).
4.3. Stochastic entropy and rigidity. Let m ρ be an ergodic L ρ stationary measure, and assume that ℓ ρ pm ρ q ą 0. The following theorems are the counterpart of the more familiar random walks properties in our setting.
Theorem 4.7 (Kaimanovich, [Kai1] ). Let m ρ be an ergodic L ρ stationary measure, and assume that ℓ ρ pm ρ q ą 0. For P mρ -a.e. ω P CpR`, SM q, the following limits exist
where r ωptq, t ě 0, is a lift of ω to S Ă M . Moreover,
Proof. The first part is proven in details in [LS1] , Proposition 2.4. For the final formula, we follow [LS1] , Erratum. Since the notations are not exactly the same, for the sake of clarity, we give the main ideas of the proof. We firstly claim is that, since ℓ ρ pm ρ q ą 0, for
Indeed, let z t be the point on the geodesic ray γ r ωptq,ξ closest to x. Then, as t Ñ`8,
ξ py, z t q for all y on the geodesic going from r ωptq to ξ with dpy, r ωptqq ě dpy, z t q`1, where -means up to some multiplicative constant independent of t. The first -comes from Harnack inequality using the fact that sup t dpx, z t q is finite P mρ -almost everywhere. (Since ℓ ρ pm ρ q ą 0, for P mρ -a.e. ω P CpR`, SM q, η " lim tÑ`8 r ωptq differs from ξ and dpx, z t q, as t Ñ`8, converge to the distance between x and γ ξ,η .) The second -comes from Ancona inequality (4.4). Replace by its limit as y Ñ ξ, which is K ρξ ,ξ pz t , r ωptqq by (4.5), which is itself -K ρξ ,ξ pr ωp0q, r ωptqq by Harnack inequality again. It follows that, for P ρ mρ -a.e. ω P CpR`, SM q,
By Harnack inequality, there is a constant C such that | log K ρξ ,ξ pr ωp0q, r ωptqq| ď Cdpr ωp0q, r ωptqq. Since log K ρξ ,ξ pr ωp0q, r ωptqq is additive along the trajectories, and P ρ mρ is shift ergodic, the limit reduces to
where we used Proposition 4.5 to replace ∇ s y log K ρξ ,ξ px, yqˇˇy "x by ∇ s log K ρ px, ξq. Finally, we use (4.2) applied to Z " ∇ s log K ρ px, ξq to writé ż
and applied to Z " X to write (4.6)
The formula for the entropy follows.
Theorem 4.8 (Guivarc'h, [Gu] ). Assume that ℓ ρ pm ρ q ą 0. Then, h ρ pm ρ q ď ℓ ρ pm ρ qV.
There is a constant r C depending only on the curvature bounds such that one can find a partition A " tA k , k P Nu of Ă M such that the sets A k have diameter at most r C and inner diameter at least 1. Set for k P N, t ą 0, q ρ k ptq :" r P ρ x,ξ rr ωptq P A k s. The family tq ρ k ptq, k P Nu is a probability on N with the property that, with high probability, q ρ k ptq ď e´t phρpmρq´εq and k P N t , where N t :" tk;
Since #N t ď Ce tpℓρpmρq`εqpV`εq , for some constant C, Theorem 4.8 follows.
Theorem 4.9. Assume that ℓ ρ pm ρ q ą 0. Then, ş B dm ρ ď V , with equality in this inequality only when pM, gq is locally symmetric.
Proof. Recall equation (4.6):
with equality only if ∇ s log K ρ " τ pρqX for some real number τ pρq. Abbreviate h ρ pm ρ q, ℓ ρ pm ρ q as h ρ , ℓ ρ . We write
We indeed have ş B dm ρ ď V , with equality only if ∇ s log K ρ " τ pρqX for some real number τ pρq. Then, equation (3.5) holds with V replaced by τ pρq. The proof of Corollary 3.9 applies and the operator ∆ ss is symmetric with respect to the measure m ρ . By Remark 3.10, m ρ " m BR . Then, τ pρq " V and from ş B dm ρ " ş B dm BR " V and ℓ ρ pm ρ q ą 0, we have ρ ‰ V. We have 0 " L ρẙ e´V b x,ξ pyqˇy "x " pV´Bpx, ξqqpV´ρq. It follows that B " V is constant. By Theorem 1.3, the space pM, gq is locally symmetric.
The conclusion in Theorem 4.9 actually holds true for all ρ ă V due to the following. Proposition 4.10. Let ρ P R. There is some L ρ stationary ergodic measure m ρ such that ℓ ρ pm ρ q ą 0 if, and only if, ρ ă V . Moreover, the measures m ρ weak* converge to m BR as ρ Õ V.
Proof. Let ρ 0 be such that there is some L ρ 0 stationary measure m ρ 0 with ℓ ρ 0 pm ρ 0 q ď 0, but such that there exist tρ n u nPN with lim nÑ`8 ρ n " ρ 0 and ℓ ρn pm ρn q ą 0 (we know that m ρn is unique by Corollary 4.6). Observe that by equation (4.3), ℓ ρ ą 0 for ρ sufficiently close to´8. On the other hand, if ℓ ρn pm ρn q ą 0, we must have ρ n ă V by equation (4.3) and Theorem 4.9. Therefore one can choose ρ 0 and ρ n with those properties. Let m be a weak* limit of the measures m ρn . We are going to show that m " m BR and that ρ 0 " V .
Observe that ℓ ρ 0 pmq ď 0 since otherwise m is the only stationary measure and we cannot have ℓ ρ 0 pm ρ 0 q ď 0 for some other L ρ 0 stationary measure m ρ 0 . On the other hand, ℓ ρ 0 pmq ě 0 by continuity, so ℓ ρ 0 pmq " 0 and lim nÑ`8 ℓ ρn pm ρn q " 0. By Theorem 4.8, lim nÑ`8 h ρn pm ρn q " 0 as well. We have 
The proof of Corollary 3.9 applies and the operator ∆ ss is symmetric with respect to the measure m ρn , up to an error which goes to 0 as n Ñ`8. It follows that the operator ∆ ss is symmetric with respect to the limit measure m. By Remark 3.10, m " m BR . Since
Remark 4.11. Anderson and Schoen ([AS] ) described the Martin boundary for the Laplacian on a simply connected manifold with pinched negative curvature. Regularity of the Martin kernel in the [AS] proof yields, in the cocompact case, nice properties of the harmonic measure (i.e., the stationary measure for L 0 ). This was observed by [H2] , [Kai3] and [L1] . Ancona ([Anc] ) extended [AS] 's results to the general weakly coercive operator and proved the basic inequality (4.4). This allowed Hamenstädt to consider the general case that L " ∆ s`Y , with Y˚, the dual of Y in the cotangent bundle to the stable foliation over SM , satisfying dY˚" 0 leafwisely ( [H3] ). The criterion she obtained for the existence of a L stationary ergodic measure m with ℓ L pmq :" ş
where σ s is the shift on Ω, 2) for P-a.e. ω P Ω, for all β P Γ, all t ą 0, Dβ˝φ ρ ξ,t pωq " φ ρ ξ,t pωq˝Dβ, and 3) for P-a.e. ω P Ω, all t ą 0, ρ Þ Ñ Φ ρ t pωq is continuous in D 8 pO s S Ă M q and the derivatives are solutions to the derivative SDE.
Relation (5.1) implies that for all px, ξ, uq, u P OS x Ă M , the projection of φ ρ ξ,t pωqpuq on S Ă M is a realization of the L ρ diffusion starting from px, ξq.
Property 1) and independence of the increments of the Brownian motion gives that if κ ρ,s is the distribution of Φ ρ,s pωq in D 8 pO s S Ă M q, we can write
where˚denotes the convolution in the group D 8 pO s S Ă M q. So we have a stochastic flow. Property 2) yields a stochastic flow on D 8 pO s SM q. Property 3) will allow to control derivatives.
Fix t ą 0. A probability measure m on O s SM is said to be stationary for κ ρ,t , if for any F P CpO s SM q, the set of continuous functions on
Proposition 5.2. Fix any ρ ă V, t ą 0. The probability measure m ρ on O s SM that projects to m ρ on SM and is the normalized Lebesgue measure on the fibers is stationary for κ ρ,t . If we write O s SM " O Ă MˆB Ă M , then, up to a normalizing constant, dm ρ px, u, ξq " dν ρ x pξqdVolpx, uq.
Entropy of a random transformation.
There is a notion of entropy for random transformations with a stationary measure (see [KL] for details).
Let X be a compact metric space and D 0 X the group of homeomorphisms of X. Let κ be a probability measure on D 0 X and let m be a stationary measure for κ. Let σ be the shift on pD 0 Xq bN , K " κ bN the Bernoulli σ-invariant measure, σ the skew-product transformation on pD 0 Xq bNˆX σpφ, xq :" pσφ, φ 0 xq, @φ " pφ 0 , φ 1 ,¨¨¨q P pD 0 Xq bN .
Proposition 5.3. Let m be a stationary measure for κ. Then, the measure Kˆm is σ-invariant.
For φ P pD 0 Xq bN , x P X, ε ą 0, n P N, define a random Bowen ball by
Bpφ, x, ε, nq :" ty : y P X, dpφ k˝¨¨¨˝φ0 y, φ k˝¨¨¨˝φ0 xq ă ε, @0 ď k ă nu and the relative entropy h m pKq as the K-a.e. value of sup ε ż X lim sup nÑ`8´1 n log mpBpφ, x, ε, nqq dmpxq.
With the preceding notations, take X " O s SM, κ " κ ρ,t for some pρ, tq, ρ ă V, 0 ă t, and the stationary measure m ρ . We want to estimate the relative entropy h mρ pK ρ,t q.
Proposition 5.4 ([LS2]).
We have
Recall that m ρ has absolutely continuous conditional measures on the foliation W s defined by pO Ă Mˆtξuq{Γ. The proof uses ingredients from the proof of Pesin formula in the non-uniformly hyperbolic case (cf. [Mañ] ) and the non-invertible case ( [Li] , [LiS] ). Observe that, even if Φ´1ˇˇWs has only nonnegative exponents, there might be negative exponents for the random walk, and the inequality in Proposition 5.4 might be strict.
5.3. Continuity of the relative entropy. We now indicate the main ideas of the proof of the following theorem Theorem 5.5 ( [LS2] ). For ρ ă V , let m ρ be the stationary measure for the diffusion on SM with generator L ρ " ∆ s`ρ X. Then, as ρ Ñ´8, m ρ weak* converge to the Liouville measure m L .
Corollary 5.6. lim
Proof. Set κ ρ " κ ρ,´1 ρ . We first observe that as ρ Ñ´8, κ ρ weak* converge on D 8 pO s SM q to the Dirac measure on the reverse frame flow Φ´1. Moreover, for any r P N, r ě 1, lim sup ρÑ´8 C r pρq ă`8, where C r pρq :"
where }¨} D r pO s SM q is the supremum of leafwise C r norm. Indeed, by definition, κ ρ is the distribution of the time one of the stochastic flow associated to the Stratonovich SDE When ρ Ñ´8, the SDE converge to the ODE on O s SM, du t "´p Xpu t q. The convergence, and the control on C r , follow by continuity of the solutions in D 8 pO s SM q.
Let then m be a weak* limit of the measures m ρ as ρ Ñ´8, m its extension to O s SM by the Lebesgue measure on the fibers. The measure m is ϕ´1 invariant, m is the weak* limit of the measures m ρ and m is Φ´1 invariant. Moreover, h m pϕ´1q " h m pΦ´1q (this is a compact isometric extension) and ż logˇˇDetD v ϕ´1ˇˇT To conclude the theorem, using Proposition 5.4, it suffices to show h m pΦ´1q ě lim sup ρÑ´8 h m ρ pK ρ q.
This will follow from the properties of the topological relative conditional entropy in the next subsection.
5.4. Topological relative conditional entropy. The following definition extends the definition of Bowen ([Bow1] ) to the random case, following Kifer-Yomdin ([KY] ) and Cowieson-Young ([CY] ).
For ε ą 0 and φ P pD 0 Xq bN , x P X, τ ą 0, n P N, set rpε, φ, x, τ, nq for the smallest number of random Bpφ, y, τ, nq balls needed to cover Bpφ, x, ε, nq and h loc pε, φq :" sup The function φ Þ Ñ h loc pε, φq is σ-invariant. For X " O s SM , write h ρ,loc pεq for the K ρ -essential value of h loc pε, φq. The conclusion follows from the two following facts (cf. [LS2] , Section 4). Proposition 5.7 in the deterministic case is due to Bowen ([Bow1] ). Proposition 5.8 in the deterministic case is a famous result of Yomdin ([Yo1] , [Yo2] ) and Buzzi ([Buz] ). By proposition 5.8, since r is arbitrary, lim εÑ0 lim sup ρÑ´8 h ρ,loc pεq " 0. Proposition 5.7 then yields the claimed inequality. 5.5. Conclusion. Katok's conjecture. Let pM, gq be a C 8 d-dimensional Riemannian manifold with negative curvature. We introduced in Sections 1 and 2 the numbers H, the entropy of the Liouville measure for the geodesic flow, V, the topological entropy of the geodesic flow, and the function B on SM . The function B is constant if, and only if pM, gq is a locally symmetric space (Theorem 1.3). Using thermodynamical formalism, H ď V and if H " V, there exists a continuous function F on SM , C 1 along the trajectories of the flow, such that B " V´B Bt F˝ϕ tˇt "0 (see Theorem 2.5). Katok's conjecture (see surveys [L2] and [Yu] for history of this topic) is that this can only happen when pM, gq is a locally symmetric space, that is, when B is constant on SM . This was proven by Katok ([Kat2] ) in dimension 2 and more generally if g is conformally equivalent to a locally symmetric g 0 . It was also proven by Flaminio ([Fl] ) in a C 2 neighborhood of a constant curvature metric g 0 . Here, we introduced a family of measures m ρ , ρ ď V, such that ş B dm V " V and for ρ ă V, ş B dm ρ ď V with equality only in the case of locally symmetric spaces (Theorem 4.9). Finally, in the C 8 case, we also show that lim ρÑ´8 ş B dm ρ " H (Corollary 5.3).
